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Some basic tools in Geometry

♣ Today: lengths, angles, perimeters, areas





Problems

Problem 1.
Consider a triangle whose sides have lengths a, b, and c and let s
be its semiperimeter; that is,

s =
a+ b + c

2
.

Show that its area is given by: A =
√

s(s − a)(s − b)(s − c).

The above formula is known as Heron’s formula.
♣ Question: If two triangles have the same perimeter, do they
have the same area?
♦ Answer: No! Consider a right angle triangle of sides 3, 4 and 5
and an equilateral triangle of side 4.



♦ Problem 1: Solution



How to compare 2 triangles? (Congruency)

Two triangles are congruent if their corresponding sides are equal
in length, and their corresponding angles are equal in measure.
To check that 2 triangles are congruent it suffices to check that
one of the 3 following criteria holds:

(SSS) The three sides are equal.

(SAS) Two angles are the same and the corresponding sides between
these angles are the same.

(ASA) Two sides are equal and the corresponding angles between the
two sides are equal.



How to compare 2 triangles? (Similarity)

Two triangles are similar if they have the same shape but not
necessarily the same size.
To check that 2 triangles are similar it suffices to check that one of
the 2 following criteria holds:

▶ The corresponding angles are equal.

▶ The corresponding sides are proportional.

♣ Using similar triangles, Thales computed the height of a
pyramid!



Problems

Problem 2 (Canada Maths Olympiad).



♦ Problem 2: Solution



Euclidean Geometry for infinite summation

♣ Use your geometric intuition to compute the infinite sum
1/2 + 1/4 + 1/8 + 1/16 + . . . . ♦
Answer: 1



Basel Problem

It is hard to compute, or even guess most infinite sums. For
example, it turns out that

1

12
+

1

22
+

1

32
+ · · · = π2

6
.

This problem, first posed by Pietro Mengoli in 1650 and solved by
Leonhard Euler in 1734(!), is known as the Basel Problem. A (new
and much simpler) geometrical solution can be found at:
https://www.youtube.com/watch?v=d-o3eB9sfls

The key-ingredient of this new solution is a classical (but
less well-known) theorem of Euclidean Geometry, namely the
Inverse Pythagorean theorem.

 https://www.youtube.com/watch?v=d-o3eB9sfls


Inverse Pythagorean Theorem

This theorem tells us that, if two identical lamps are placed
at A and B, then (by the inverse-square law) the amount of light
received at C is the same as when a single lamp is placed at D.
♣ Prove the Inverse Pythagorean Theorem.



♦ Inverse Pythagorean Theorem: Proof



Another useful theorem: Ptolemy’s Theorem

The following important result (now known as Ptolemy’s Theorem)
was proved by the Greek mathematician and astronomer Ptolemy
for astronomical purposes:



Proof of Ptolemy’s Theorem

♣ For a visual proof see:
https://en.wikipedia.org/wiki/Ptolemy%27s_theorem

https://en.wikipedia.org/wiki/Ptolemy%27s_theorem


Applications of Ptolemy’s Theorem

♣ Prove Pythagoras’ Theorem using Ptolemy’s Theorem.

♣ Given an equilateral triangle inscribed on a circle and a point
Q on the circle, show that the distance from the point Q to
the most distant vertex of the triangle is the sum of the
distances from the point to the two nearer vertices.

♣ Given a regular pentagon which has side length a and
(common) distance b of any two non-adjacent vertices, show
that
b

a
=

1 +
√
5

2
=: ϕ (golden ratio).



♦ Ptolemy’s Theorem implies Pythagoras’ Theorem



♦ Ptolemy’s Theorem for equilateral triangles



♦ Ptolemy’s Theorem for regular pentagons



Problems

Problem 3.

(i) Find a shape (with no holes) that has constant width, but is
not a circle.

(ii) For the shape you found in part (i), compute its perimeter as
a function of its (constant) width w . What do you observe?

(iii) For the shape you found in part (i), compute its area as a
function of its (constant) width w .



♦ Problem 3: Solution



♦ Problem 3: Solution



Areas of similar triangles



Problems



♦ Problem 4: Solution



Some useful/interesting links:

▶ https://imogeometry.blogspot.com/p/1.html

▶ http://www.imo-official.org/problems.aspx

▶ https://www.geogebra.org/t/geometry

▶ https://thatsmaths.com/tag/geometry/

▶ https://www.ucd.ie/mathstat/newsandevents/events/

mathsenrichment/

▶ https://artofproblemsolving.com/wiki/index.php/

Resources_for_mathematics_competitions

▶ https://en.wikipedia.org/wiki/Reuleaux_triangle

▶ https://www.youtube.com/watch?v=cUCSSJwO3GU&t=

287s&ab_channel=Numberphile
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